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p.3
Abstract
In the free case, it is possible to define quantum fields which describe
particles with integer or half-integer spin larger than one. It is shown that
particles with integer spin must have Bose statistic and particles with half-
integer-spin must follow Fermi-Dirac statistic. In the free case, the fields with
spin smaller or equal to one are already well defined, so that for them alone,
the charge and energy density are clearly identified and gauge invariant; while
for the higher spin this is the case only for the total charge and total energy.
Introduction
In the present paper we will investigate the relativistic field theory of particles with
any, but constant, integer or half-integer spin, which can then be quantized following
Jordan and Pauli [1]. We have restricted ourself, for the time being, to the force-
free case. It happens that by giving the spin and mass of the particle that the
corresponding field is already clearly defined; moreover the statistic of the particle
is fixed by the spin.
From the very general demand that the commutation relation of the fields must
be relativistically invariant and infinitesimal and that the energy must be positive
definite, follows that particles with integer spin must always obey Bose statistic, and
particles with half-integer spin Fermi-Dirac statistic.
While it is possible to describe fields with integer spin with tensors, whereby one
can circumvent the spinor calculus of van der Waerden [2], in the case of half-integer
spin it didn’t seem possible to replace that quite difficult calculus by something more
transparent. However, this technical difficulty is probably related to the physical
circumstances that the fields with half-integer spin can never correspond to classical
fields, because of the exclusion principle, and also never be observable in the classical
sense, in contrast to the tensor fields satisfying the Bose statistic.
p.4 The wave equations considered here were essentially already given by Dirac [3].
However the physical meaning of these equations in Dirac’s work is not clear, there
are often informations that can lead to misunderstandings, or are inaccurate. Es-
pecially so, the H-operator of Dirac, that he designate as the “hamiltonian” or “en-
ergy operator”, is completely different from the field energy in the usual meaning.
Moreover we cannot simply describe the interaction with the electric fields as Dirac
claimed, by replacing ~p with ~p − e
c
~φ, since the compatibility of the field equations
will be broken. Even the remark that in general the spin is characterized by two
numbers k and l doesn’t seem to meet with the physical facts, that only the sum
k+ l is important, and the division in the summands k and l seem to be only formal.
Sakata and Yukawa [4] have also published a note on these Dirac equalities, that
seem unfortunate to us. What is designated as a current density is in general not a
vector, but a part of a higher level tensor. Especially in the case of spin 1 (k = 1,
l = 1
2
) these quantities are the energy and momentum densities, that is the k4-
components of the energy-momentum tensor, as we can immediately recognize by
comparison with the Maxwell theory. Furthermore, these authors also investigate
the spin values which belong the the equations given by Dirac.However, they seem to
be too formal in this case, since the representations of the rotation group, according
to which the field magnitudes can be transformed, can be considered. This is,
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however, only sufficient if one is sure that the orbital momentum is zero, e.g. In
the rest frame of a plane wave. In this case, it is found that because of the wave
equations, the field magnitudes are not only irreducible to Lorentz transformations
but also irreducible to rotations. In the rest frame of a wave vector, there are just
2k + 2l linearly independent plane waves which are transformed with each other
in the case of rotations according to the representation θk+l− 1
2
. Since all equations
with fixed k+ l are mathematically equivalent, it follows that the spin has the value
k + l − 1
2
.
In a diploma thesis, for the first time, Mr. Jauch has given the right expressions
for energy-momentum tensors and current vectors, which can be assigned to the
Dirac fields.p.5 The special case of spin 1 was dealt with in detail by various authors,
especially with regard to nuclear forces. The c-number theory was first considered
by Proca, the four-dimensional commutation relations for this case has been written
by Stückelberg [6], and in another form by Kemmer [7].
Although the present study shows that at least in force-free case fields with any
half-integer or integer spin are possible, the small spin values 0, 1
2
, 1 are in some
respects excellent. In these three cases, both energy and charge density are already
unambiguously determined in the force-free case, and in the case of 0 and 1 the
energy density is positive definite, and in the case of 1/2 the charge density of
the c-number theory is positive definite. This is not anymore the case, if the spin
becomes lager than 1, only the overall energy or the overall charge are then still
clearly defined. Further, in the quantum theory for spin larger than 1, the charge
density on different positions but same time do not commute, rather the derivatives
of the D(x)-function remains. There are further complications in the attempt to
introduce interactions with other fields, even in c-number theory, if the spin is larger
than 1. This last point therefore still requires a thorough investigation.
1 Integer spin
1.1 Field tensors and wave equations
We want to consider force-free, classical wave fields, which can be assigned by means
of the relativistic field quantization according to Jordan and Pauli, particles with
mass m and spin ~f . f must be a positive integer. Such a wave field can be described
in the force-free case by a, generally complex, symmetric world tensor Aik...l of the
f -th rank (f indices), which satisfies the wave equation
Aik...l = κ
2Aik...l (1.1)
where
 ≡
4∑
i=1
∂2
∂x2i
; (xi) = (x, y, z, ict)
κ is a constant of dimension the inverse of a length, which define a characteristic
frequency of the field. The field quanta assigned to the field are given the mass
~κ
c
= m.
p.6
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Further Aik...l satisfies the two secondary conditions
Aii...l = 0 (1.2)
∂Aik...l
∂xi
= 0 (1.3)
The physical meaning of these equations is as follows: The wave equation (1.1),
which is of the Schrödinger-Gordon’s type has the consequence that the relativistic
theory of classical mass points is contained as a limiting case in the quantized field
theory.
The secondary conditions (1.2) and (1.3) primarily ensure that only particles
with the spin f and not even those of smaller spins can be assigned to the tensor
field. Out of (1.2), because of the symmetry of Aik...l, all the traces of the field
tensor disappear. As shown in the appendix, therefore, Aik...l has (f + 1)2 linearly
independent components, which transform with Lorentz transformations in accor-
dance with the irreducible representation θ f
2
,
f
2
of the Lorentz group. If the fields
Aik...l is to belong to the spin f , then for each given wave number and frequency ki
which satisfy the equation kiki = −κ2, there must be 2f + 1 linearly independent
plane waves, which differ by the orientation of the spin. That this is the case, we see
as follows: Consider the plane waves in question in their rest frame, which always
exists if κ 6= 0 and k4 = ±iκ. There the secondary condition (1.3) says that all
components of Aik...l, in which one of the indices is equal to 4, vanish; therefore, in
the rest frame, the indices run only from 1 to 3, and Aik...l has the form
Aik...l = A
0
ik...le
κx4 .
A0ik...l is a symmetric, spatially constant tensor of the f -th rank in R3 whose traces
vanish. A tensor of this kind has 2f + 1 linearly independent components, which
are transformed into one another by rotations of the coordinate system after the
irreducible representation θf of the rotation group. It follows that the corresponding
particle states differ by the 2f+1 different orientations of the spin. Furthermore, the
secondary condition (1.3) allows the establishment of an energy-momentum tensor
for the A-field and ensures that the overall energy remains positive, which makes
possible a physical interpretation of the theory.p.7
In the discussion of the secondary conditions (1.3), we made use of the existence
of a rest frame for each plane wave. The existence of the rest frame is essential for
the entire conclusion, and the case m = 0 must therefore be regarded as a degenerate
boundary case. We shall, therefore, regard the case of vanishing mass as a separate
one. In this case, let us only mention that, in this case, there are only two physically
truly different plane waves of the same wave number and frequency, as is known from
the electromagnetic waves which correspond to f = 1.
We can now replace the differential equations of the A-field with a first-order
equation-system, which will be convenient for the following considerations. The
equations are:
B
(1)
[ik]r...l =
∂Akr...l
∂xi
− ∂Air...l
∂xk
(1.4)
∂
∂xi
B
(1)
[ik]r...l = κ
2Akr...l. (1.5)
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These equations are analogous to Maxwell’s equations. As a consequence of (1.2),
(1.4) and (1.5), B(1) also satisfies the second-order wave equation, as well as the
other equations
B
(1)
[ik]k... = 0, B
(1)
[ik]r...l +B
(1)
[ri]k...l +B
(1)
[kr]i...l = 0 (1.6)
∂
∂xr
B
(1)
[ik]r...l = 0,
∂
∂xm
B
(1)
[ik]...l +
∂
∂xk
B
(1)
[mi]...l +
∂
∂xi
B
(1)
[km]...l = 0. (1.7)
In the unbracketed indices, B[ik]r...l is symmetric, and skewed in the bracketed pair.
From Equations (1.6) it follows, independently of the definition of B(1)[ik]r...l, that
B
(1)
[ik]rr...l = 0. If one takes this into account, one can count the number of components
of B(1) and find that B(1) has 2f 2 + 4f linearly independent components. From the
equations (1.6), (1.7), all the other equations can be inferred, so that we can describe
our wave field just as well by the quantities B(1)[ik]r...l as by the Aik...l. We can now
form another quantity from B(1)
B
(2)
[ik][rl]...t
such that
B
(2)
[ik][rl]...t =
∂
∂xr
B
(1)
[ik]l...t −
∂
∂xl
B
(1)
[ik]r...t.
p.8 B(2) is symmetric when the index pairs [ik] and [rl] are exchanged, as well as in the
unbracketed indices, and it satisfies analogous equations such as B(1). Further,
B
(2)
[kl][kr]...s = κ
2Alr...s.
By continuing to form the rotation after one of the unbracketed indices, we obtain
a sequence of f + 1 field quantities:
Aik...l, B
(1)
[ik]...r, . . . , B
(f)
[ik][rl]...[st]
B
(q)
[ik]...[rl]s...t accordingly contains (q) brackets, which are symmetrical to one another
and f −q are symmetric single indices. In each bracketed index pair, B(q) is skewed.
Further, B(q) satisfies the following equations:
B(q) = κ2B(q) (I)
B
(q)
...[ik]k... = 0 (IIa)
B
(q)
...[ik]r... +B
(q)
...[ri]k... +B
(q)
...[kr]i... = 0 (IIb)
B
(q)
[ik][rs]... +B
(q)
...[ri][ks]... +B
(q)
[kr][is]... = 0
∂
∂xr
B
(q)
[ik]...r = 0;
∂
∂xr
B
(q)
...[ik]...+
∂
∂xk
B
(q)
...[ri]... +
∂
∂xi
B
(q)
...(kr)... = 0. (III)
These equations describe the observed wave field exactly as the equations (1.1) to
(1.3).
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It applies as a consequence from I to III:
∂
∂xi
B
(q)
...[ik]... = κ
2B
(q−1)
...k...
∂
∂xi
B
(q−1)
k... −
∂
∂xk
B
(q−1)
...i... = B
(q)
...[ik]
B
(q)
[kl][ki]... = κ
2B
(q−2)
...li... .
1.2 Energy-momentum tensor, current vector
In order to be able to interpret the tensor field described by B(q), it must be possible
to form a symmetric "real" tensor of the second rank, by means of B(q) and its con-
jugate, which satisfies the continuity equation. Such a tensor can then be regarded
as the energy-momentum tensor of the field.p.9 First we need to specify more precisely
what we mean by the conjugate tensor C∗ of a tensor C, which also reveals what is
a "real" tensor.
Let the number of indices of C equal to 4 be n and C¯ be the complex conjugate
of C, then
C∗ = (−1)nC¯ (2.1)
is the tensor conjugated to C. A tensor is "real" if C∗ = C. In this sense, our
coordinates (X, Y, Z, ict) = (Xi) are "real" vectors. Likewise, the electromagnetic
field (H,F) is a "real" field. We now form the tensors T (q)kl by means of B(q) and
B(q−1), as well as their conjugate:
T
(1)
kl =
κ2
2
(A∗ir...kAir...l + A
∗
ir...lAir...k) +
1
2
(B
(1)∗
i...r[tk]B
(1)
ir...[tl] +B
(1)∗
i...[tl]B
(1)
i...[tk])
− 1
2
δkl(A
∗
ir...Air... · κ2 +
1
2
B
(1)∗
i...[tr]B
(1)
i...[tr])
T
(q)
kl =
κ2
2
(B
∗(q−1)
[rs]...tkB
(q−1)
[rs]...tl +B
∗(q−1)
[rs]...tlB
(q−1)
[rs]...tk) +
1
2
(B
(q)∗
[rs]...[tk]...mB
(q)
[rs]...[tl]...m
+B
(q)∗
[rs]...[tl]...mB
(q)
[rs]...[tk]...m)−
1
2
δkl(κ
2B
(q−1)∗
[rs]...t B
(q−1)
[rs]...t
+
1
2
B
(q)∗
[rs]...[tm]...nB
(q)
[rs]...[tm]...n).
These tensors satisfy, on the basis of the differential equations for the B(q), the
continuity equation:
∂T
(q)
kl
∂xk
= 0.
It is now necessary to require that the total energy of the field is positive, which
means that the integral
∫
T
(q)
44 dv must be definite over the whole space, since this
represents the total energy of the field except for the sign. This is indeed the case,
as we shall first show for the tensor T (1)ik , which is composed of A and B
(1).For this
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purpose, we decompose Aik... into plane waves
Aik...r(~x, t) =
1√
V
∑
k
A+ik...r(k)e
ikx+iω(k)t + A−ik...r(k)e
ikx−iω(k)t. (2.3)
where
ω(k) = +ick4, kiki = −κ2.
p.10
Further, the A+ and A−, as a result of the equation (1.3), satisfy the equation
3∑
i=1
kiA
+
i... + k4A
+
4... =
3∑
i=1
kiA
−
i... − k4A−4... = 0. (2.4)
If we consider this, express the B(1) by the A+ and A− and insert this into the
integral
∫
T
(1)
44 dV , we get
−
∫
T
(1)
44 dV =
∑
k
|k4|2{A+∗ir...(k)A+ir...(k) + A−∗ir...(k)A−ir...(k)} = E. (2.5)
The energy is shown here as the sum of the energies of the individual Fourier com-
ponents. It is therefore sufficient to show that the contribution of each individual
component is positive definite. It is thus to show that A+∗ik...(k)A
+
ik...(k) is positive
definite. Consider this expression in the rest frame of ki, where (ki) = (0, 0, 0, iκ).
Because of the equation (2.4), all the components of A+ik... where an index is equal
to 4 vanishes. For the others, according to (2.1)
A∗ik... = A¯ik...
So that in the rest frame the energy of a plane wave assumes the positive definite
form
A¯ik...Aik....
Since in another reference system the energy multiplies by the positive factor
1√
1− β2
it follows that the total energy of our field is positive definite. Also for the question
discussed here, the existence of a rest frame is essential for each plane wave. If κ is
set to zero, the energy is never negative, as we shall see below, but can disappear
without the field tensors Aik... being zero.
The more general tensor T (q) can be treated in the same way as in the tensor
T (1). One then finds
−
∫
T
(q)
44 dV =
∑
k
|k4|2{B+(q−1)∗[il]...m...B+(q−1)[il]...m... +B−(q−1)∗[il]...m...B−(q−1)[il]...m...}
or, if we express the B(q−1) by the A:
−
∫
T
(q)
44 dV = (−2κ2)q−1
∑
k
|k4|2{A∗+il...A+il... + A−∗il...A−il...}.
7
p.11 All energy-momentum tensors therefore give rise to the same total energy, except
for the factor (−2κ2)q−1. However, the localization of the energy in the field is
largely unclear, depending on the chosen (q). Moreover, T (q)44 is not positive definite
if f > 1. However, these properties of the fields considered here do not seem to be
sufficient to exclude particles with spin> 1. In the force-free cases the energy tensor
is not determined unambiguously; instead, there are linearly independent ways to
localize the energy, but the value of the total energy remains unchanged. To what
extent this ambiguity can be restricted by the introduction of interactions with other
fields, or whether it leads to more serious physical difficulties in this case, a separate
investigation must be reserved.
In addition to the energy-momentum tensor T (q)kl , a vector can also be formed
fromB(q) andB(q−1), which also satisfies the continuity equation and can be regarded
as the current vector of the field:
S(q)v =
1
2i
{B∗(q−1)[ik]...ml...B(q)[ik]...[mv]l... − B(q−1)[ik]...ml...B(q)∗[ik]...[mv]l...}.
This vector is also "real." If the field tensors B(q) are "real" quantities, the current
vectors disappear identically. Given a field, the current and charge density can be
defined again in f different ways, which are equivalent in the force-free case. The
total charge
∫
s
(q)
4 dV is again in all cases, up to a factor, the same:
e =
∑
k
|k4|{A+∗il...(k)A+il...(k)−A−∗il...(k)A−il...(k)}.
However, whether the so-defined current and charge density can be interpreted as
electrical current and charge density, can not be decided here since this depends on
the manner in which the electric field is introduced. Since ~p is replaced by ~p − e
c
~φ
in all equations, this is not possible in the general case, since the algebraic relations
which the Aik... have to fulfill if f > 1 are then in difficulty. Only for f = 1, where the
spin condition (1.2) falls, we arrive at a contradiction-free theory which is identical
with that discussed by Proca.
p.12
1.3 Relation of the theory developed here to Dirac’s relativis-
tic equations
Dirac has given differential equations which have the following form in spinor spelling:
pρ˙κaτ˙ ν˙...κλµ... = κb
ρ˙τ˙ ν˙...
λµ... (3.1)
pν˙ρb
ν˙τ˙ µ˙...
λγ... = κa
τ˙ µ˙...
ρλγ... (3.2)
Here
a has 2k undotted indices and 2l − 1 dotted ones.
b has 2l dotted indices and 2k − 1 undotted ones.
k and l are integer or half-integer numbers.
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a and b are symmetric in dotted and undotted indices, and therefore irreducible in
Lorentz transformations, where they are transformed according to the representation
θk,l− 1
2
and θk− 1
2
,l, respectively. If k + l − 12 = f is integer, then these equations are
equivalent to the tensor equations we have looked at. All equations with a given f
describe the same wave field, the division of f+ 1
2
into two summands corresponding
to the various possibilities characterized by the index (q) in the tensor field.
If, in particular for aλ˙µ˙δρ , a spinor, which has the same number of dotted as
undotted indices, that is, k = l− 1
2
, we see that this quantity a is identical with the
tensor Aik.... One can use the Pauli matrices σkρ˙ρ to transform an undotted and a
dotted index ρ˙, ρ into a vector index k. The resulting tensor is then symmetric in
all the indices and its traces disappear, since the trace ǫµνaµν = aµµ of a symmetric
spinor aµν = aνµ disappears. Further, it also satisfies the differential equations (1.1)
and (1.3). (1.3) follows from the spinor equation
pρ˙κaτ˙ ...ρ˙κλµ... = 0 (3.3)
which results from contraction from (3.1); It must be noted again that the trace of
the symmetric spinor bλ˙µ˙...δρ... vanishes.
From aρ˙µ˙...λκ... we now form new spinors b
(q) according to
κb
(1)ρ˙τ˙ µ˙...
λ... = p
ρ˙κa
τ˙ µ˙...
κλ...
κb
(−1)ν˙ ...
µκλ... = pµρ˙a
ρ˙ν˙...
κλ...
p.13 and in general
κb
(q+1)ρ˙µ˙...
λ... = p
ρ˙κb
(q)µ˙...
κλ...
κb
(q−1)τ˙ ...
µκλ... = pµρ˙b
(q)ρ˙τ˙ ...
κλ... (3.4)
(q) is in each case equal to half the difference between the dotted and undotted
indices and therefore runs from −f to +f . aλ˙µ˙...δρ... has f dotted and f undotted
indices and transforms according to the irreducible representation of the Lorentz
group θ f
2
,
f
2
. b(q)λ˙µ˙...δρ... has f +q dotted and f−q undotted indices and transforms itself
in the case of actual Lorentz transformations after the irreducible representation
θ f−q
2
,
f+q
2
. For reflections b(q) exchanges with b(−q). Thus the b(q), in contrast to the
B(q), are irreducible quantities. They correspond to tensors with (q) index pairs in
which the tensor is skew and self-dual according to
ǫiklmF
(q)
...[lm] = F
(q)
[ik]... if q > 0
−ǫiklmF (q)
...[lm]... = F
(q)
...[ik]... if q < 0.
In the case of reflection, we exchange for F (q) with F (−q), and we can form f energy-
momentum tensors, just as with the B(q), which are symmetrical and satisfy the
continuity equation
t
(q−1)
ρ˙δ,βν˙ = b
(q)∗
ρ˙β b
(−q)
ν˙δ + b
(−q)∗
ρ˙β b
(q)
ν˙δ + b
(q)∗
ν˙δ b
(−q)
ρ˙β + b
(−q)∗
ν˙δ b
(q)
ρ˙β
+ b
(q−1)∗
ν˙ρ˙ b
(−q−1)
βδ + b
(−q−1)∗
ρ˙ν˙ b
(q−1)
βδ + b
(q+1)∗
βδ b
(−q+1)
ρ˙ν˙ + b
(−q+1)∗
βδ b
(q+1)
ρ˙ν˙ .
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The non-registered indices are to be contracted according to:
a∗a = a∗ρ˙ν˙...αδ... a
αδ...
ρ˙ν˙....
On the basis of the equations (3.4) for t(q−1):
pρ˙δt
(q−1)
ρ˙δ,ν˙γ = 0.
Since the tensor formulation and the spinor notation are mathematically equiv-
alent in this case, it follows that all the tensors we have considered above are linear
combinations of corresponding spinors. We can therefore forgo a further discussion
of the equations (3.4) and refer to the theory of tensors.
p.14
1.4 Quantization of the field theory
In order to be able to assign particles to the field theories discussed above, we have
to establish the Lorentzian variant of commutation relations between the field mag-
nitudes. It is sufficient to do this for the Aik..., since those for the other magnitudes
then follow by differentiation. Since these are theories of the case free of forces, it
is expedient to establish the commutation relations in four-dimensional form, anal-
ogous to that given by Jordan and Pauli in the charge-free electromagnetic field.
One has the advantage, then, that the Lorentz variance is secured from the start.
The commutation relations should have the effect that the energy of a plane wave
becomes an integer multiple of |k4| =
√
k2 +m2, and the equation
f˙ =
1
i
[H, f ] (4.1)
should also hold for all quantities which do not contain the time explicitly.
In the case of f = 1, the task thus set can be solved by introducing 2f + 1 = 3
independent amplitudes to each wave vector ki by introducing longitudinal and
transverse waves, and only requires these commutation relations. At higher spins,
however, a corresponding method does not appear to us to be applicable without
completely destroying the symmetry of the problem, which, on the one hand, makes
the assessment of the invariance of the resulting commutation relations impossible.
But, instead of such a procedure, it is possible to establish commutation relations
between the Aik... and the A∗ik..., of which all the equations to which the Aik... suffice
are fulfilled identically. This automatically takes account of the secondary conditions
(1.2) and (1.3), thus obtaining the correct number of independent commutation
relations.
We therefore consider the following as the commutation relations for the sym-
metric tensor A(i1 . . . if ):
1
i
[A(i1 . . . if ), A
∗(i′1 . . . i
′
f )] = K{ΣP (i′k)R(i1i′1) . . . R(if i′f) (4.2)
− 1
2 + f(f−1)
2
f∑
l>m
R(ilim)ΣP (i
′
k)R(i1i
′
1) . . . R(i
′
li
′
m) . . . R(if i
′
f )}D(x).
Here, A(ik) is to be taken at the position ξ+ x2 , A
∗(i′k) at the position ξ− x2 .p.15 It means:
ΣP (i′k) the sum over all permutations of the indices i
′
k. R(ikil) is the operator
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R(ikil) = δikil −
1
κ2
∂2
∂xik∂xil
(4.3)
which is always to be applied to the invariant D-function of Jordan and Pauli, which
is defined as follows:
D(x) = D(x, t) =
1
2
∑
k
1
V
{
eikx+iω(k)t
iω(k)
− e
ikx−iω(k)t
iω(k)
}
(4.3b)
D (x) satisfies the wave equation
D = κ2D
further
D(x, 0) = 0,
(
∂D
∂t
)
t=0
= δ(x).
Since R(αβ) is always applied to D(x), which satisfies the wave equation, the
following relations hold:
∂R(αβ)
∂xα
= R(αβ)
∂
∂xα
= 0, R(αβ)R(βγ) = R(αγ)
R(αα) = 3 (4.4)
The constant factor K in (4.2) has to be chosen so that the eigenvalues of the charge
become integers.
The commutation relations (4.2) now fulfill the equations (1.1) to (1.3), and they
are symmetric in the primed and unprimed indices, since all permutations of the i′k
are summed. Their divergence is zero because of (4.4). To see that the traces also
vanish, consider two terms from the sum
∑
l>m in (4.2):
α) R(irik)ΣP (i
′
n)R(i1i
′
1) . . .R(i
′
ri
′
k) . . .R(if i
′
f )
β) R(ikit)ΣP (i
′
n)R(i1i
′
1) . . . R(i
′
ki
′
t) . . . R(if i
′
f )
Now form the trace over (ikir) and observe the equations (4.4). We thus obtain from
α) 3ΣP (i′n)R(i1i
′
1) . . . R(i
′
ki
′
r) . . . R(if i
′
f )
β) ΣP (i′n)R(i1i
′
1) . . . R(iti
′
r) . . . R(i
′
ki
′
t) . . .R(if i
′
f )
In both expressions, all i′n occur; however, ik and ir are missing.
p.16 We can now take the R(ini′l) with respect to the remaining in in both expressions.
Since all the permutations of the i′n occur, α gives up to the factor 3 the same as β.
If we now form the trace over (ikir) in
γ) ΣP (i′k)R(i1i
′
1) . . .R(if i
′
f ),
we obtain the same result as in β). In the sum
∑
l>m we have
f(f−1)
2
summands, of
which the triple of the others is the result of forming the trace. Therefore, in order
to satisfy equation (1.2), the factor
1
f(f−1)
2
+ 2
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must be placed before the sum
∑
l>m.
We now have to show that the equation 1
i
f˙ = [H, f ] holds, and that the energy
has the proper eigenvalues. For this purpose we decompose the Aik... into plane waves
according to (2.3). It follows from the commutation relations that A(k) commutes
with A(k′) if ki 6= k′i. A+ also commutes with A−. For given ki there are now 2f +1
linearly independent linear combinations of the A+ik...l(k), which we call Aω. The
commutation relations of Aω may be as follows:
[Aω, A
∗
ω′ ] = fωω′ . (4.5)
We now consider the Aω again in the rest frame belonging to ki. There the Aω,
which transform as the A∗ω after the irreducible representation θf of the rotation
group, span also a space R2f+1. Since the right-hand side of the commutation
relations (4.2) satisfies the same relations as Aω, the matrix fωω′ has the property
that it maps the vectors Xω in R2f+1 to vectors Yω′ = Xωfωω′ which again span an
irreducible space which, since the Yω′ are not all null, has again dimension 2f + 1.
Therefore, fωω′ has 2f + 1 eigenvalues different from zero. Now we choose the A∗ω
′
so that the representation rendered by it becomes unitary.
Since the commutation relations are invariant by rotations, they have the form,
if the Aω are suitably normalized
[Aω, A
∗
ω′ ] = δωω′ . (4.6)
p.17 The energy is also rotationally invariant and therefore is written into these Aω
invariant unit form
E(ki) =
2f+1∑
ω=1
|k4|CA∗ωAω. (4.7)
The constant K occurring in the commutation relations (4.2) must now be deter-
mined so that C = 1.
Now, according to (4.7)
|k4|A+∗ik...A+ik... =
∑
ω
A∗ωAω
if C = 1. It must therefore also apply
|k4|[A+ik..., A+∗ik...] =
∑
ω
[Aω, A
∗
ω] = 2f + 1.
From this, by comparison with (4.2)
∑
i,k
δik,i′k
{
ΣP (i′k)R(i1i
′
1) . . . R(if i
′
f)
− 1
2 + f(f+1)
2
∑
l>m
R(ilim)ΣP (i
′
k)R(i1i
′
1) . . .
}
D(x) =
2f + 1
K
D(x)
the constant K is determined.
The commutation relation now has the property that it follows from them that
the eigenvalues of the energy of a plane wave are integral multiples of k4; Because for
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A−, the corresponding one follows exactly the same way. These can be represented
by 2f + 1 variables Bω, which satisfy the commutation relations
[Bω, B
∗
ω′ ] = −δωω′ (4.8)
the minus sign resulting from the minus sign in the definition of the D function.
Since every quantity f of Aωeiωt and Bωe−iωt, which does not explicitly contain
time, can be constructed linearly, the equation
1
i
f˙ = [H, f ]
follows for every f , since it applies to Aω and Bω.
Thus it is shown that the commutation relations (4.2) form the solution of the
initial task.
The spin-form commutation relations are found in the second part, which deals
with the case of half-integer spins, where we compare them with those for this case.
p.18
2 Half-integer spin
2.5 Field quantities and wave equations
The fields to which particles with a half-numbered spin f (f = 1
3
, 3
2
, 5
2
. . . ) can be as-
signed can, of course, not be represented by tensors, but by spinors ("half-tensors").
In spinor formulations, the theories of integer and half-integer spin are very similar in
many respects, although characteristic differences occur, which in particular concern
the construction of the energy tensors and the commutation relations. Otherwise,
however, most of the conclusions which we made in the case of an integer case can
also be applied to the following theory, so that we can reduce ourselves here.
For the particles described by a spinor-field to belong to a half-numbered spin,
the spinors must have an odd number of indices, while in the integer case the index
number is even.
We therefore proceed from a spinor aλ˙µ˙...δρ... which has 2k undotted and 2l−1 dotted
indices, where 2k+2l−1 = 2f is an odd number. k and l are integer or half-integer
numbers.
a
λ˙µ˙...
δρ... is to satisfy the second-order wave equation:
a
λ˙µ˙...
δρ... = κ
2a
λ˙µ˙...
δρ... (5.1)
where κ is again a characteristic wave number which determines the mass of the
particles according to κ = mc
~
. Furthermore, aλ˙µ˙...δρ... should be symmetric in dotted
and undotted indices, which can also be formulated as follows: Let all traces of aλ˙µ˙...δρ...
vanish:
ǫν˙λ˙a
λ˙ν˙...
δρ... = 0, ǫ
δρa
λ˙µ˙...
δρ... = 0 (5.2)
where ǫλ˙µ˙ is the oblique matrix (
0 1
−1 0 ). Further, let a satisfy the constraints
ǫν˙µ˙p
ν˙ρa
λ˙µ˙...
ρδ... = 0 (5.3)
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These mean that the spinors pν˙ρaλ˙µ˙...ρδ... and pν˙τa
ν˙µ˙...
ρδ... are symmetric in dotted and
undotted indices.
Since aλ˙µ˙...γδ... is given, if one knows how many dotted and how many undotted
indices are equal to one, then it has (2k + 1)2l linearly independent components,
which transform themselves in Lorentz transformations after the irreducible repre-
sentation θk,l− 1
2
. Now it remains to be shown again that,p.19 due to the constraint (5.3),
2f + 1 independent plane waves exist for each wave vector. For this purpose, we
return to the rest frame of ki. There, pν˙ρ has the form k4δν˙ρ, which transforms as
k4δ
ρ
γ under spatial rotations. Likewise, a
λ˙µ˙...
ρδ... rotates with rotations like the spinor
a′ρδ...λµ...
1. Equation (5.3) is then
ǫγλa′γδ...λµ... = 0 (5.3a)
and states that the spinor a′ is symmetric in the indices λ and µ, that is, in all indices.
In the rest frame, therefore, aλ˙µ˙...ρδ... is equivalent to a symmetric spinor a
′
γδ...λµ... of
rank 2k + 2l − 1 = 2f , and therefore has 2k + 2l = 2f + 1 linearly independent
components which transform with one another in the case of rotations under the
irreducible representation θf of the rotation group. This shows that the spin to be
assigned to the wave field is f . If κ 6= 0, there is no rest frame, and these in turn
become invalid.
The differential equations (5.1) and (5.3) can now be replaced by a first-order
equation system:
pν˙ρa
λ˙µ˙...
ρδ... = κb
ν˙λ˙µ˙...
δ...
(5.4)
pν˙ρb
ν˙λ˙µ˙...
δ... = κa
λ˙µ˙...
ρδ...
(5.3) implies that bν˙λ˙µ˙...δ... is again a symmetric spinor satisfying the second order wave
equation and the secondary condition (5.3). Hence all equations with fixed k+ l can
be derived by differentiation; they all describe the same wave field. Let a(0)λ˙µ˙...ρδ... be
the spinor a for which k = l, which thus has 2k undotted and 2k− 1 dotted indices.
It satisfies the equations
pν˙ρa
(0)λ˙µ˙...
ρδ... = κb
(0)ν˙ λ˙µ˙...
δ...
(5.5)
pν˙ρb
(0)ν˙λ˙µ˙...
δ... = κa
(0)λ˙µ˙...
ρδ...
b(0) has 2k dotted and 2k − 1 undotted indices. From a(0) we now form the spinor
a(1)
pλ˙τa
(0)λ˙µ˙...
ρδ... = κa
(1)µ˙...
τρδ...
And similarly from a(1) the spinor a(2). These spinors are again symmetric because
of the equation (5.3).p.20 In General,
pλ˙τa
(q)λ˙µ˙...
ρδ... = κa
(q+1)µ˙...
τρδ...
(5.6)
pλ˙τa
(q+1)µ˙...
τρδ... = κa
(q)λ˙µ˙...
ρδ...
1See also van der Waerden[2], Di gruppentheoret. Methode, p. 81.
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We thus obtain the sequence of symmetric spinors a(0), a(1) . . . , a(f−
1
2
) which all sat-
isfy the wave equation, and, up to a(f−
1
2
), also the subcondition (5.3), a(q) has f+q+ 1
2
undotted and f − q − 1
2
dotted indices. We also form the spinors b(1) . . . b(f−
1
2
) ac-
cording to
pλ˙τb(q)µ˙ν˙...τρ... = κb
(q+1)λ˙µ˙ν˙...
ρ...
(5.7)
pλ˙τb
(q+1)λ˙µ˙ν˙...
ρ... = κb
(q)µ˙ν˙...
τρ...
where b(q) has f + q+ 1
2
dotted and f −q− 1
2
undotted indices. For reflections, b(q) is
interchanged with a(q) such that (5.6) and (5.7) are mutually mirror-invariant. The
system of equations (5.5), i. e. the case k = l, is, therefore, excellent inasmuch as
this system of equations is itself inversely mirror-invariant. In contrast to the case
of integer spins, there is no spinor a, which would be invariant to reflection.
2.6 Energy-momentum tensor and current vector
Again, by means of the a(q) and b(q) tensors, we can form a second rank tensors
and vectors, which can be interpreted as the energy-momentum tensors and current
vectors. In this case, however, it is found that, as is known from case f = 1
2
, the
energy is not positive definite, but this is the case for the total charge because of
the secondary condition (5.3). We first form the vector s(q)
λ˙β
s
(0)
λ˙β
= a
(0)∗ρδ...
λ˙ν˙τ˙
a
(0)ν˙ τ˙ ...
βρδ... + b
(0)∗ρδ...
βν˙τ˙ ... b
(0)ν˙ τ˙ ...
λ˙ρδ...
(6.1)
s
(q)
λ˙β
=
1
2
(a
(q)∗
λ˙
b
(q−1)
β + a
(q)
β b
(q−1)∗
λ˙
+ a
(q−1)
λ˙
b
(q)∗
β + a
(q−1)∗
β b
(q)
λ˙
)
(The omitted indices are contracted as in s(0)
λ˙β
). s(q)
λ˙β
satisfies the continuity equation
pλ˙βs
(q)
λ˙β
= 0,
as can be easily recalculated, if we consider that aλbλ = −aλbλ. There are, therefore,
different equivalent ways of defining the current, in the absence of a force. Let us
again show that all these possibilities lead to the same value of the total charge∫
(s
(q)
11˙
+ s
(q)
22˙
)dV , which in this case is definite.
p.21 First we consider ρ(0)
λ˙β
: Since ρλ˙β satisfies the continuity equation, the total charge
is constant in time and the integral is divided into the sum over the charge contri-
butions of the individual plane waves with a given wave number and frequency. We
therefore consider the charge density of a plane wave. If this is positive, it follows
that the total charge is also positive. We consider the plane wave in its rest frame.
There the secondary condition (5.3) states that
a1˙ν˙...2α... = a
2˙ν˙...
1α..., b
1˙τ˙ ...
2β... = b
2˙τ˙ ...
1β....
Therefore the following equation applies in the rest frame:
a
(0)∗ρ...
1˙µ˙...
a
(0)µ˙...
1ρ... = a
(0)∗ρ...
1˙µ˙...
a
(0)ρ˙...
1µ... (6.2)
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a
(0)∗ρ...
1˙ν˙...
is the complex conjugate of a(0)ρ˙...1ν... , so the right-hand side of (6.2) has the pos-
itive definite form
∑
a∗a. The charge density of a plane wave consists of summands
of the type (6.2), so the total charge is positive definite.
To discuss the more general case∫
(s
(q)
11˙
+ s
(q)
22˙
)dV
it suffices to consider a particular plane wave of given wave number and frequency
in its rest frame. Let us assume that the temporal dependence of the amplitudes
a(q), b(q) is eiωt; Then that of a(q)∗, b(q)∗ is equal to e−iωt. a(q) and b(q−1) are now
obtained from a(0) by applying the operator 1
κ
pλ˙β q times. But this is equal to
iδλ˙β in the rest frame for a(0) and b(0), and −iδλ˙β for a(0)∗ and b(0)∗. From this it
immediately follows that the equation holds:∫
(s
(q)
11˙
+ s
(q)
22˙
)dV =
∫
(s
(0)
11˙
+ s
(0)
22˙
)dV.
This shows that all the vectors s(q)αµ˙ lead to the same total charge. However, the
localization of the charge depends again on (q).
We can also form spinors which correspond to tensors of the second rank, and
satisfy the continuity equation. These can again be regarded as energy-momentum
tensors of our field. We look at the spinor
t
(0)
λ˙β,γτ˙
=
1
2
(a
(0)∗
λ˙
pν˙δa
(0)
β − a(0)β pγτ˙a(0)∗λ˙ + b
(0)∗
β pγτ˙ b
(0)
λ˙
− b(0)
λ˙
pγτ˙b
(0)∗
β )
t
(q)
λ˙β,τ˙γ
=
1
4
(
a
(q)∗
λ˙
pγτ˙ b
(q−1)
β − b(q−1)β pγτ˙a(q)∗λ˙ + b
(q−1)∗
λ˙
pτ˙γa
(q)
β − a(q)β pτ˙γb(q−1)∗λ˙ (6.3)
+ b
(q)∗
β pτ˙γa
(q−1)
λ − a(q−1)λ˙ pτ˙γb
(q)∗
β + a
(q−1)∗
β pτ˙γb
(q)
λ˙
− b(q)
λ˙
pγτ˙a
(q−1)∗
β
)
p.22 t(q)
λ˙β,τ˙γ
satisfies the equations
pλ˙βt
(q)
λ˙β,τ˙γ
= 0, pτ˙γt
(q)
λ˙β,τ˙γ
= 0.
We can therefore form the spinor Θ(q) from t(q), according to
Θ
(q)
λ˙β,τ˙γ
=
1
2
(t
(q)
λ˙β,τ˙γ
+ t
(q)
τ˙γ,λ˙β
).
The tensor Tkl associated with Θ
(q)
λ˙β,τ˙γ
Tkl = Θ
(q)
λ˙β,τ˙γ
σ
λ˙β
k σ
τ˙γ
l
is symmetric in kl and satisfies the continuity equation
∂Tkl
∂xk
= 0.
Tkl can therefore be regarded as the energy-momentum tensor of the field. It is easy
to see with the help of the Fourier decomposition of the field magnitudes, and again
using the existence of a rest frame, that all Θ(q) lead to the same value of the total
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energy, and that the contribution to the energy of plane waves varying with e+iωt has
the opposite sign as the contribution of waves that vary according to e−iωt. There
are states of positive and negative energy, as is known from the Dirac theory of the
electron. We will therefore have to postulate that the particles assigned to the wave
field fulfill the Paul exclusion principle, so that the energy can be made positive by
analogy to the hole theory of Dirac.
2.7 The matrices uν(k), vν(k)
The spinors considered so far were all symmetrical. They are therefore given when
the number of undotted and dotted indices equal to one is known. We can therefore
replace a spinor aλ˙µ˙...δρ... with 2k undotted and 2l dotted indices, which is symmetrical
in these, by a quantity Ar˙s whose indices r˙, s indicate how many of the dotted and
undotted indices are one. s then has 2k + 1 values, and r has 2l + 1 values. In
order to obtain an assignment between the quantity Ars and the symmetric spinor
a
λ˙µ˙...
ρδ... , we have to search for a matrix which transfers from the spinor indices to
the indices r, s. It is, of course, possible to assign a magnitude Ar˙s to a spinor
with no special symmetry properties, but the image generated in this way is not
p.23 unique, since Ar˙s determines only the symmetrical part of the associated spinor.
Since a spinor without symmetry properties is transformed according to a product
representation of the Lorentz group, which contains 2k times the factor θ 1
2
,0 and
2l times the factor θ0, 1
2
, but Ar˙r is irreducible, the assignment of such a quantity
to a non-symmetric spinor means the extraction of an irreducible subspace, namely
that of the greatest number of dimensions from the representation belonging to
the spinor. We can therefore find a mapping which leads from spinor indices to
an index s by the reduction theory of representations. We therefore consider the
product representation of the rotation group θ 1
2
× θk. θ 1
2
and θk are characterized
by their infinitesimal transformations σl and αl(k). The product presentation can
be characterized by the matrix
A(k) =
3∑
l=1
σl × αl(k)
already considered by Dirac. The matrix A(k) is interchangeable with all matrices
of the product representation. If they are applied to the principal axes, the repre-
sentation θ 1
2
× θk decomposes into irreducible constituents. The reduction θ 1
2
× θk
is thus reduced to the principal axis transformation of A(k)2. A matrix which maps
A(k) on major axes has already been given by Dirac. We write it in the form U
U = (2k + 1)−
1
2
(
u1(k +
1
2
) u2(k +
1
2
)
v1(k) v2(k)
)
U−1 = (2k + 1)−
1
2
(
v1(k + 1
2
) u1(k)
v2(k + 1
2
) u2(k)
)
We have set the Dirac bν = uν(k+ 12) and a
ν = vν(k+ 1
2
); since these matrices fulfill
exactly the same relations which hold for uν(k), vν(k) if k is replaced by k + 12 . If
k passes through all the half-integers, we obtain a sequence of matrices with the
following properties:
2See also: H. Casimir and B. L. van der Waerden, Math. Ann. 111 (1935), p.1
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u1(k), u2(k) are rectangular matrices with 2k + 1 rows and 2k columns.
v1(k), v2(k) are rectangular matrices with 2k rows and 2k + 1 columns.
p.24 In the sense of the matrix calculus, the following products can thus be formed:
vν(k)u
µ(k) Square matrix of rank 2k.
uµ(k)v
ν(k) Square matrix of rank 2k + 1.
vν(k − 12)vµ(k) Rectangular matrix with 2k + 1 columns and 2k − 1 rows.
uµ(k)uν(k − 1
2
) Rectangular matrix with 2k − 1 columns and 2k + 1 rows.
From the fact that the matrix U constructed from the uν and vµ brings the matrix
A(k) to a diagonal form, the equations follow:
uµ(k)vν(k) =
(
kδµν − sµ· ν(k)
)
(−1)2k+1
vµ(k)uν(k) =
(
sµ
· ν(k − 12) + (k + 12)δµν
)
(−1)2k (7.1)
Where sµ
· ν(k) is the spinor associated with the infinitesimal rotations α
i(k).
Further
vµ(
1
2
)uν(1
2
) = δνµ
vµ(k)uν(k) + u
µ(k − 1
2
)vν(k − 12) = 2kδµν (−1)2k (7.2)
uµ(k)vµ(k) = 2k(−1)2k+1 ; vµ(k)uµ(k) = (2k + 1)(−1)2k+1
uµ(k)uµ(k − 12) = vµ(k − 12)vµ(k). (7.3)
All these equations were derived by Dirac. But the uν , vν are not considered as a
function of k (Dirac considers in particular uν(k), vν(k) and uν(k + 12) = b
ν , vν(k +
1
2
) = aν for fixed k).
For our purposes the equations (6.3) are especially important. They state that
the rectangular matrices uµ(k)uν(k− 1
2
) and vµ(k− 1
2
)vν(k) in ν and µ are symmetric
spinors. Now we construct the operators
Rµ1µ2...µ2k(k) = vµ1(1
2
)vµ2(1) . . . vµ2k(k)
and (7.4)
P ν1ν2...ν2k(k) = uν1(k)uν2(k − 1
2
) . . . uν2k(1
2
)
(Rµρ...λl ) is symmetric in all spinor indices because of (6.3). The index l can assume
2k + 1 values and, with respect to this index, Rµρ...λ can be regarded as a matrix
with a single line.
(P δρ...λn ) is also symmetric in all spinor indices. The index n can assume 2k + 1
values, and P δρ...λ can be considered as a matrix with a single column with respect
to n.
p.25 According to (6.2) and (6.4)
P δρ...λs (k)Rr,δρ...λ = (2k)δrs
With the inverse formula (7.5)
Rs,ρδ...λ(k)P
γµ...ν
s (k) =
∑
Perm(γµ . . . ν)δγρδ
µ
δ δ
ν
λ
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By means of the operator P γµ...νs (k) one can now assign to each symmetric spinor
aγµν of rank 2k a quantity As which has only one index passing through 2k+1 values.
Conversely, one can assign a symmetric spinor to each As by means of Rs,ρδ...λ(k).
P γµ...νs (k)aγµ...ν =
√
(2k)!As
Rs,γµ...ν(k)As =
√
(2k)!aγµ...ν (7.6)
If the operation P γµ...νs is applied to a non-symmetric spinor, this operation is no
longer unambiguously reversible according to (??); rather, the symmetrized spinor
is obtained. Therefore, P γµ...νs can be used as a symmetrization operation.
Analog operators can also be defined for the dotted indices. We call them
P s˙τ˙ µ˙...ν˙(l), R
s˙,τ˙ µ˙...ν˙(l). (7.7)
They are constructed from the uν˙, vµ˙ and satisfy the same equations as the operators
with undotted indices, if in the formulas (7.1) to (7.6) every spinor Cµ is replaced
by C µ˙, bν by bν˙ .
We can now proceed further by means of the products
vµ(k)vν(k + 1
2
) . . . vλ(r)
and
uµ(k)uν(k − 1
2
) . . . uρ(l)
transform only a part of the indices of a spinor into an index S, which gives a
quantity which has indices of both kinds. Conversely, such a quantity can again be
transformed into a quantity As˙r. In particular, one can form variables which contain
a spinor index. This leads to the equations{
pτ˙ρψAρ = κψ
τ˙B
pτ˙ρψ
τ˙B = κψAρ .
(7.8)
given by Dirac.
p.26 Here
ψAr˙ρ,p =
√
2kvsp,ρ(k)A
r˙
s
ψB,τ˙ r˙p =
√
2lvr˙,τ˙
t˙
(l)B t˙p
ψAρ , ψ
B,τ˙ satisfy the secondary conditions{
vτ˙ (l − 12)pτ˙ρψAρ = 0
vρ(k − 1
2
)pτ˙ρψ
Bτ˙ = 0.
(7.9)
A and B therefore satisfy the equations
pτ˙ρvρ(k)A =
√
2l
2k
κvτ˙ (l)B
pτ˙ρv
τ˙ (l)B =
√
2k
2l
κvρ(k)A (7.10)
as well as the secondary conditions:
vτ˙ (l − 12)pτ˙ρvρ(k)A = vρ(k − 12)pτ˙ρvτ˙ (l)B = 0. (7.11)
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2.8 Quantization of field theories for half-integer spin f
Again, as in the case of integer spins, we want to establish the commutation relations
between the field magnitudes, which are identical for all equations to which the field
magnitudes satisfy.
In order to establish such relations, one proceeds from those which satisfy the
above-defined spinor a(m)αβ...γ, which has only undotted indices. The number of indices
is the odd number 2m + 1. a(m)αβ...γ is symmetric in all indices, while the secondary
condition (5.3) is eliminated, which leads to a certain simplification.
As a commutation relation between a(m) and a∗(m) we assume:
1
i
[a
(m)
αβ...γ, a
(m)∗
ν˙ρ˙...λ˙
]+ =
1
κ2m(2m+ 1)!
∑
Perm(α . . . γ)pατ˙ . . . pγν˙D(x). (8.1)
It means [a, b]+ = [ab + ba]. D(x) is again the invariant function defined by (4.3b).
On the right-hand side of (7.1) there is an odd number, namely 2m+1 differentiations
pρ˙δ.
p.27 The relations (8.1), if they can be fulfilled at all, result in the so-described par-
ticles fulfilling the Pauli exclusion principle; a circumstance which makes it possible
to make the energy positive by means of a "hole theory." We can show that the
relations are satisfiable, as follows:
Let kλ˙β be the spinor associated with the wave vector ki according to kλ˙β =
kiσ
i
λ˙β
. Then, if the definition of D(x) is observed, the commutation relations in the
momentum space are
1
i
[aαβ...(k), a
∗
ν˙ρ˙(k
′)]+ =
δkk′
2κ2m(2m+ 1)!
∑
Perm(αβ . . . )kαν˙kβρ˙ . . .
1
k4
. (8.2)
From this, it can be seen that waves belonging to different ki give the plus-commutation
zero. Let us consider two waves belonging to the same ki, and indeed in their rest
frame. The right-hand side of (8.2) is therefore not equal to zero if aαβ...γ is the
conjugate-complex of a∗
ν˙ρ˙...λ˙
. The left side is therefore never negative, so must also
be the right one. The right side is now either zero or equal to
1
2κ2m
(
2m+ 1
s
)−1(
k4
i
)2m
=
1
2
(
2m+ 1
s
)−1
(8.3)
which is positive. (s is the number of indices of aαβ...(k) which are equal to 1.) The
commutation relation therefore has the desired form
[ai, a
∗
k] = δik · const.
That the charge has the proper eigenvalues on the basis of the commutation relations
(8.2) follows immediately if we consider the charge of a plane wave in the rest
frame. It has the positive definite form
∑
aa∗ (according to (6.2), where each term
is just 2
(
2m+1
s
)
times, which factor according to (8.3) is just compensated by our
commutation relations.
If the spin is an integer, we can also write the commutation relations between
the quantities a(b) defined in Section 3 in the momentum space in the form
1
i
[afαβ...γ(k), a
f∗
ν˙ρ˙...λ˙
(k)]− = Cδkk′
∑
Perm(ν˙ρ˙ . . . )kαν˙ . . .
1
k4
. (8.4)
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Here, however, an even number of factors kλ˙δ occur, namely 2f .p.28 Therefore, in the
rest frame, the right-hand side of (8.4) has the form
C
(
k4
i
)2f−1
This is positive or negative depending on k4
i
= ±κ. Therefore, the left-hand side
of (??) can not be written as a commutation relations with the plus sign, since the
left-hand side would assume the positive-definite form
[a∗a+ aa∗]
while the right-hand side could be positive or negative. Thus, particles with integer
spin can not be quantized according to the exclusion principle without renouncing
the infinitesimal character of the commutation relations, but only according to Bose
statistics.3 Particles with half-integer spin can and must be quantized according
to the exclusion principle, so that the energy becomes positive. From the above
perspective, the long-assumed relationship between spin and statistics seems to be
mathematically proved in a simple way. Moreover, it is immaterial that the spinors
are irreducible. It is only the existence of a rest frame for each plane wave, the
properties of the D-function, and the fact that the number of indices is even or odd,
according to which the spin is a whole or half-integer. The occurrence of the D
function means that the commutation relations should be relativistic invariant and
infinitesimal.
From the inversion relations (8.1) for the a(m)αβ one can obtain for arbitrary a
(q)
and a(q)∗, which have dotted and undotted indices, by applying the operation p
λ˙β
κ
to
(7.1) according to
1
i
[a
(m−1)ν˙
αβ...γ , a
(m−1)∗β
λ˙ρ˙...µ˙
]
1
iκ2
[pν˙δ(m)aδα...γ, p
τ˙β(m)∗aτ˙ λ˙...µ˙]
= pν˙δpτ˙β
1
n2m+2(2m+ 1)!
∑
Perm(αβ . . . )pδτ˙pαλ˙ . . . pγµ˙D(x).
We obtain, in this way, the commutation relations for the spinor a(m−n)ν˙...α... of the
2m+ 1− n = p undotted and n dotted indices with its conjugate
1
i
[a(m−n)λ˙1...λ˙nµ1...µp , a
(m−n)∗λ˙1...λ˙n
µ˙1...µ˙p
] =
κ−2m
(2m+ 1)!
n∑
l=0
∑
πl (8.5)
pµ1µ˙1...pµp−lµ˙1p−lδ
λ1
µp−l+1
δλ˙1µ˙1p−l+1 . . . δ
λ˙l
µ˙p
pµl+1µ˙l+1 . . . pλnλ˙nD(x)
p.29
∑
πl means the permutation operator of the indices of the subsequent summator,
which symmetrizes the term with as few commutations as possible. The number of
all summands is then just (2m + 1)! as it must be, since by the differentiation this
number is not changed. By the operators P s defined by (7.4) to (7.6) we can also
write our relations in the following form:
n!p!
i
[A
(m−n)s˙
t , A
(m−n)∗q
r˙ ] =
κ−2m
(2m+ 1)!
P s˙λ1...λnP
∗q˙
λ˙1...λ˙n
P
µ1...µp
t P
∗µ˙1...µ˙p
r˙
p∑
l=0
1
l!(p− l)! ·
1
l!(n− l)!κ
2lpµ1µ˙1 . . . pµp−lµ˙p−lδ
λ˙1
µ˙p−l+1
δλ˙lµ˙p . . . p
λl+1λ˙l+1 . . . pλnλ˙nD(x). (8.6)
3See: W. Pauli, Annales Poincaré VI (1936) p. 147 & sq.
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The commutation relations between the variables a(q) and b(q)∗ can also be indi-
cated in a similarly simple manner. (When mirrored, a(q) and b(q)∗ are exchanged.)
One finds
1
i
[a(q)λ˙1...λ˙rρ1...ρs , a
(q)∗ν˙1...ν˙s
µ˙1...µ˙r
] =
1
(r + s)!
r∑
k=0
πkκ
(1−2k)pλ˙1ν1pλ˙2ν2 . . . pλ˙kνkpµ˙1ρ1 . . . pµ˙kρk ·
δνk+1ρk+1 . . . δ
νs
ρs
δ
λ˙k+1
µ˙k+1
. . . δλ˙rµ˙rD(x). (8.7)
Where
∑
πk is the same permutation operator as
∑
πl in (8.5).
Appendix
Determination of the coefficients of the formula 8.5
We look at an expression of the following form
pµ1µ˙1 . . . pµrµ˙rδ
λ1
µr+1
δλ˙1µ˙r+1p
λn+1λ˙n+1 . . . pλk+nλ˙k+n (1)
where
r + n = p
k + n = q as well as p+ q = L.
(1) must now be symmetrized into the µi, µ˙i, λk, λ˙k. We thus have to form a sum of
terms of the form (1), where the µi, λi, . . . are permuted appropriately. How many
terms must at least contain the sum so that it is symmetric in the indices µi, λi, . . . ?
We decide to do so: We first symmetrize from the µ1 to µr. What emerges is
symmetrical in the µ˙1 to µ˙r by itself. We also symmetrize the λn+1 to λq. Thus we
obtain k!r! terms. Now we symmetrize the λ1 to λn as well as the λ˙1 to λ˙n, whereby
the µr+1 to µr+n as well as the µ˙r+1, to µ˙p are also symmetrized. This gives
(n!)2k!r! terms.
p.30 Now one can divide λ1 to λq into three groups with k and n indices in
(
q
n
)
ways.
The same holds for the dotted λ˙1 as for the µ, with respect to r and n. We thus
obtain
(n!)2r!k!
(
p
n
)2(
q
n
)2
= p!q!
(
p
n
)(
q
n
)
terms. (2)
Then the resulting sum is completely symmetrical. Let’s call this sum Sn. The
symmetrization operation generated by (1) Sn is called πn. If we choose from the
sum: ∑
Perm(δi)pµ1µ˙1 . . . pµ2µ˙2 , (3)
which contains L! terms and then applies the operation
1
p2
pλkµ˙ipλ˙kµi (4)
q times, we arrive at a sum symmetrical in the µi, µ˙i and λk, λ˙k of the form∑
n
SnCn. (5)
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It is easy to conceive that due to the origin of (5), all Cn must be non-zero natural
numbers. We now show that they are all equal. The sum (3) contains L! terms,
which are all multiplied by a factor of one. The operation (4) does not change this
number, and can not give rise to any number of factors. Consequently, the sum (5)
must also contain L! summands. Since Sn contains p!q!
(
p
n
)(
q
n
)
summands, then it
must give ∑
n
Cnp!q!
(
p
n
)(
q
n
)
= L!
Now
∑
(pn)(qn) is the constant term of
(1 + x)p(1 +
1
x
)q =
(1 + x)L
xq
.
But this is
(
L
q
)
, from which it follows that
∑
n p!q!
(
p
n
)(
q
n
)
= L!, so that all Cn = 1. If
an expression of the form (1) is symmetrized by the uν, uν˙ , then this means that all
the permutations of the µi, µ˙i and the λi, λ˙i are summed. Then one obtains (p!)2(q!)2
summands and the result is
(u!)2(q − n)!2(p− n)!2Sn
which is why, by symmetrization by means of the uν , uν˙ , the factor 1(n!)2(q−n)!(p−n)!
must be set before each summand of the form (1).
p.31
Number of independent components of tensors
A tensor of rank f in the k-dimensional space which is symmetric in all indices has(
f + k − 1
k − 1
)
components.
Our tensor Aik...l of rank f is symmetric in all indices and satisfies equations
Aii...k = 0.
This says that a symmetric tensor of rank f −2 is to disappear, that is, there are as
many equations as such a tensor component. In our case the space has 4 dimensions.
Aik...l therefore has
(
f+3
3
)
components between which there are
(
f+3
3
)
equations.
Therefore, Aik...l has (
f + 3
3
)
−
(
f + 1
3
)
= (f + 1)2
linearly independent components.
Because of the differential equation
∂Aik...l
∂xi
= 0
the amplitudes are zero for plane waves in their rest frame if i, k · · · = 4. The
dimension k is therefore reduced to 3 in this case. Therefore, there exist(
f + 2
2
)
−
(
f
2
)
= 2f + 1
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linearly independent planar waves on given waves.
We now want to determine the number of components of the tensors B(1)
ak(ml) (a
means the set of f − 2 indices. In the indices (ak), B(1) is symmetric, skew in [ml].
B(1) satisfies the equation
B
(1)
ak[kl] = 0.
B
(1)
ak[lm] +B
(1)
am[kl] +B
(1)
al[mk] = 0.
Now the independence of these equations must be determined.p.32 To this end, we write
out the equations in abbreviated form by writing only the indices. We continue with
[23] = [1] [14] = [4]
[31] = [2] [24] = [5]
[12] = [3] [34] = [6].
This gives us 

a2[3]− a3[2]− a4[4] = 0
a1[3]− a3[1]− a4[5] = 0
a2[1]− a1[2]− a4[6] = 0
a1[4] + a2[5] + a3[6] = 0 (+)
(1)


a3[5]− a2[6]− a4[1] = 0
a1[6]− a3[4]− a4[2] = 0
a2[4]− a1[5]− a4[3] = 0
a1[1] + a2[2] + a3[4] = 0 (+)
(2)
The last two equations in (1) and (2) which are denoted by (+) can be deduced from
the three others by addition if an index among the indices a is equal to 4. Then,
from (1) and (2), by substituting the equations
Biia[ml] = 0
in each equation for a, which therefore means nothing new. Otherwise, (1) and (2)
are independent equations.
B
(1)
ik...[ml] is now symmetric in f − 1 indices and skewed in two, therefore it has
6
(
f+2
3
)
components. Further, it suffices (1) and (2). In six of these equations the
(f − 2) indices a run from 1 to 4. These equations therefore mean that a symmetric
tensor of rank f −2 should be zero in four dimensions. The equations therefore give
6
(
f+1
3
)
ancillary conditions. However, in the last two equations denoted by (+), the
indices a only run from 1 to 3, if only independent equations are considered. We
therefore obtain 2
(
f
2
)
further conditions. Accordingly, B(1) has
6
(
f + 2
3
)
− 6
(
f + 1
3
)
− 2
(
f
2
)
= 2f 2 + 4f
linearly independent components.
p.33
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Fields with null rest mass
To consider the case of the rest-mass zero, let us assume the following equations:
In the case of whole spins: {
Aik...l = 0
∂Aik...l
∂xi
= 0
(1)
It follows that: {
∂Aik...l
∂xm
− ∂Amk...l
∂xi
= B
(1)
[mi]k...l
∂B[mi]k...l
∂xm
= 0.
(2)
In the case of half-integer spins:{
pν˙ρa
(0)λ˙...
ρδ... = 0
pλ˙λb
λ˙µ˙...
ρ... = 0.
(3)
From these equations follows that:{
a
(0)λ˙...
ρδ... = 0
b
(0)λ˙µ˙...
ρ... = 0
(4)
These equations arise from those which we have given above by nullifying κ.
The Aik...l, a
(0)λ˙...
ρδ... , b
(0)λ˙µ˙...
ρ... are otherwise to have the same algebraic properties as in
the case of κ 6= 0. By means of these field magnitudes we can again construct an
energy-momentum tensor and a current vector. The energy tensor in the integer
case is
Tkl =
1
2
{B∗(1)[ik]m...B(1)[il]m... +B(1)∗[il]m...B(1)[ik]m...} −
1
4
δklB
∗(1)
[ri]m...B
(1)
[ri]m... (5)
The energy
−
∫
T44dN =
∑
k
|k4|2{A∗+ir (k)A+ir(k) + A−∗ir (k)A−ir(k)} (6)
In the half-integer case, the current vector is
sλ˙β = a
(0)∗ρ...
λ˙ν˙...
a
(0)ν˙...
βρ... + b
(0)∗ρ...
βµ˙... b
(0)µ˙...
λ˙ρ...
. (7)
With the total charge
ρ =
∫
(s11˙ + s22˙)dV. (8)
p.34 The expressions (6) and (8) can vanish for certain states without the field magni-
tudes being zero. In the case of the integer spin the energy is zero whenever the
tensor Aik...l can be represented as follows:
Nik...lm =
∂Ck...lm
∂xi
+
∂Ci...lm
∂xk
· · ·+ ∂Cik...l
∂xm
(9)
where Ck...lm satisfies the following equations:
Ck...l = 0,
∂Ck...l
∂xk
= 0, Ckk...l = 0
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and is symmetric in all indices. The simplest way to show that the energy is zero is
to decompose Ck...l into plane waves and use the expression for the energy.
It is also possible to add a field Nik...l of the form defined by (9) to any field Aik...l,
without changing the energy. In analogy to electrodynamics, the transformation
A′ik...l = Aik...l +Nik...l
is called "gauge transformation". So Nik...l is defined by (9).
If Aik...l has f indices, then there are 2f + 1 linearly independent plane waves
Aik...l for each wave vector. The tensor Cik...l has f−1 indices, Accordingly, there are
2f −1 linearly independent plane waves Nik...l for every wave vector. If states which
are separated by "gauge transformation" are regarded as equivalent then there are
only two linearly independent, truly different plane waves of given wave number and
frequency at rest mass zero and f > 1.
In the same way one can add to the fields a(0)λ˙...β... , b
(0)ν˙ ...
δ... spin-field n
(0)λ˙...
β... , m
(0)ν˙...
δ...
without changing the energy and the charge. Here, n(0)λ˙...β... , m
(0)ν˙...
δ... are of the form
nλ˙τ˙ ...γδ... = p
λ˙
γc
τ˙ ...
δ... + p
τ˙
γc
λ˙
δ + · · ·+ pλ˙δ cτ˙γ + . . .
mλ˙τ˙ ...γδ... = p
λ˙
γd
τ˙ ...
δ... + p
τ˙
γd
τ˙
δ + · · ·+ pλ˙δdτ˙γ + . . .
C τ˙δ has in each case a dotted and an undotted index less than a
(0), αν˙δ a dotted and
an undotted index less than b(0). Both are symmetric and satisfy the same equations
as a(0) and b(0), respectively.p.35 It follows from this, as in the case of integer spins, if
two states of the wave number and the frequency are not really different, then there
are only two really different plane waves of states, which differ from one another by
the "gauge transformation"
a(0)λ˙...γ... + n
λ˙...
γ... = a
(0)′λ˙...
γ...
b(0)λ˙...γ... +m
λ˙...
γ... = b
(0)′λ˙...
γ...
which therefore belong to the same energy and charge.(In the case of spin 1
2
, of
course, the gauge transformation is lost.)
From the B(1) and the a(0), b(0) one can again form new quantities B(q), a(q), b(q).
With these, however, no physically usable energy tensors can be constructed because
the corresponding energy vanishes identically in accordance with the wave equations.
Interestingly, however, those spinors which have only a single index location and are
obtained by differentiation from the spinor associated with Aik...l, or from a(0), b(0)
by differentiation according to
aαβ...γρ = pγµ˙pρν˙ . . . a
(0)µ˙ν˙...
αβ... . (10)
These quantities are "gauge-invariant" and vanish when charge and energy disap-
pear. So the theory can be quantified with rest mass zero by simply asking the
following interconversion relations between these gauge-invariant field magnitudes,
1
i
[a∗α1...αk , aτ˙1...τ˙k ]
± =
1
k!
∑
Perm(ai)pα1τ˙1 . . . pαk τ˙kD(x) (11)
taking the + or - sign as the case may be k is odd or even. Since the theory is ro-
tationally invariant, and all Fourier components are commutable, the contradiction
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of the commutation relations can easily be viewed by considering a plane wave in
the z-direction. Let us, however, dispense with the very simple proofs. According
to (10), all other field magnitudes can be recovered by the integration from the
"gauge-invariant" field quantities, with the exception of a gauge transformation, in
particular the quantities a(0), b(0) forming the energy tensor and the tensor Aik...l.
Since the total energy and the total charge are gauge-invariant, then the commu-
tation relations (10) are sufficient to determine the eigenvalues of these quantities.
p.36 Since the energy and charge density are constructed from a(0), b(0) and B(1)[ik]l..., it
follows that these quantities can not be invariable except for spin 0, 1
2
and 1, which
means that the small spin values are excellent
Special cases as examples
We shall briefly summarize here a few formulas of the theory developed here, which
refer to the special cases f = 3
2
and f = 2. For the case f = 1, we refer to the
literature cited.
f = 3
2
. Here are the equations in Spinor form
pλ˙µaτ˙µλ = κb
λ˙τ˙
λ ; ǫλ˙τ˙p
τ˙ρaλ˙ρλ = 0
pµλ˙b
λ˙τ˙
λ = κa
τ˙
µλ; ǫ
µλpµλ˙b
λ˙τ˙
λ = 0.
The commutation relations take the form
1
i
[a∗µ
λ˙τ˙
, a
µ˙
αβ]
+ =
1
6
[pλ˙αδ
µ˙
τ˙ δ
µ
β + pτ˙αδ
µ˙
λ˙
δ
µ
β + pτ˙βδ
µ˙
λδ
µ
α
+
1
κ2
{pλ˙αpτ˙βpµ˙µ + pλ˙βpτ˙αpµ˙µ}]D(x).
Looking at plane waves that change as eikz+iωt in space and time, the field
equations represent the existence of the relations
k2 − ω2 + κ2 = 0
a1˙21 = a
2˙
11
ω + k
ω − k ; a
2˙
12 = a
1˙
22
ω − k
ω + k
a1˙22, a
1˙
11, a
2˙
22, a
2˙
11 can then be considered as the four independent amplitudes
which denote the four polarizations.
f = 2. Here we would like to state only the commutation relations between the Aik:
i[Aik, A
∗
i′k′] =
1
2
(Rii′Rkk′ +Rik′Rki′ − 2
3
RikRi′k′)D(x).
The factor 1
2
of the right-hand side is chosen so that the track over i, i′, k, k′ on
the right-hand side becomes equal to (2f+1)D = 5D. (Note thatRikRkl = Ril;
Rkk = 3).
p.37
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Special representation of the uν and vν.
Let α be an index which indicates how many indices of a spinor are one and which
runs from zero to 2k − 1, β is a plane index running from zero to 2k. If k is an
integer, then set
u1(k)βα =
√
βδβ−1,α, v
1
αβ(k) =
√
α + 1δα+1,β
u2(k)βα =
√
2k − βδβα, v2αβ(k) =
√
2k − αδαβ
If k half-integer, we put
u1βα(k) =
√
βδβ−1,α, v1,αβ(k) =
√
α+ 1δα+1,β
u2βα(k) =
√
2k − βδβα, v2,αβ(k) =
√
2k − αδαβ .
The representation of the Lorentz group resulting from this representation according
to
µµ(k)vν(k) = (kδ
µ
ν − sµν (k))(−1)2k+1
is identical with that of van der Waerden.
The following is given in the designation of van der Waerden
Ap = s
11, Aq = s
22, A2 = s
12
and
J = k, J +M = β.
This work was carried out under the direction of Prof. W. Pauli; I would like to
thank him for many valuable suggestions.
Zürich, Physics Institute of the E.T.H.
References
[1] P. Jordan and W. Pauli, Z. S. f. Ph. 47 (1928), S. 151
[2] Van der Waerden, Die Gruppentheoret. Methode in der Quantenmechanik,
Springer, Berlin 1932. III. Kapitel, § 20.4
[3] P.A.M. Dirac, Proc. Roy. Soc. A 155 (1936), S. 447.
[4] S. Sakata und H. Yukawa, Proc. Phys.-Math. Soc. Japan 19 (1937), S. 91.
[5] Proca, Comptes Rendus 202 (1936), S. 1490.
[6] E.C.G. Stückelberg, Helv. Ph. Acta XI. (1938), S. 299.
[7] N. Kemmer, Proc. Roy. Soc. A 166 (1938), S. 127. Here we can also find appli-
cations of this theory to nuclear forces as well to the hard component of cosmic
rays.
4TN: An English translation of this paper is available on
https://arxiv.org/abs/1703.09761.
28
A Remarks
This translation has been made available, as is, for whoever is interested, even
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